In this study, accurate static dipole polarizability and hyperpolarizability are calculated for Al + ground state 3s 2 1 S 0 and excited state 3s3p 3 P J with J = 0, 1, 2. The finite-field computations use energies obtained with the relativistic configuration interaction approach and the relativistic coupled-cluster approach. Excellent agreement with previously recommended values is found for the dipole polarizability of Al + ground state 3s 2 1 S 0 and excited state 3s3p 3 P 0 as well as the hyperpolarizability of the ground state 3s 2 1 S 0 . The recommended values of the dipole polarizability of the Al + 3s3p 3 P 1 and 3 P 2 and the hyperpolarizability of Al + 3s3p 3 P 0 , 3 P 1 , and 3 P 2 are also given. The impacts of the relativity and spin-orbit coupling are elucidated by analyzing the angular momentum dependence of the dipole polarizability and the hyperpolarizability and comparing the fully and scalar relativistic calculated data. It is shown that the impact of the relativity and spin-orbit coupling are small for the dipole polarizability but become significant for the hyperpolarizability. Finally, the black-body radiation shifts contributed by the dipole polarizability and hyperpolarizability respectively are evaluated for transitions of Al + 3s 2 1 S 0 to 3s3p 3 P J with J = 0, 1, 2.
I. INTRODUCTION
The polarizabilities and hyperpolarizabilities are very useful quantities in many areas of atomic and molecular physics. The recent advance in development of the atomic optical clock has elevated great interest in the atomic polarizabilities and hyperpolarizabilities. The dipole polarizability determines the first-order response of the trapped atom or ion under the external perturbation, such as the electric field generated by the electrodes of an ion trap or the probe optical field, which brings the energy shifts that are main contributions to the frequency uncertainty budget of the atomic optical clock [1] [2] [3] [4] . The higher-order response of atoms or ions to the applied electric field also contributes to the energy shift of the optical frequency standards, being small but not necessarily negligible [5, 6] . Increasing order gives more accurate estimates of the polarization energy shift and the associate uncertainty. There already are a plenty of articles about the dipole polarizabilites of atoms and ions, most of which are about the ground state or monovalent system [7] [8] [9] [10] [11] [12] [13] [14] . The angular moment resolved dipole polarizability of the divalence systems and the hyperpolarizability remain very scarce for the majority of atoms or ions.
One important application of the highly accurate data of polarizabilities is to estimate the energy shifts in optical clock. As one of the highly accurate atomic clock to date [15] , the Al + optical clock, based on 3s 2 1 S 0 → 3s3p 3 P 0 transition, has attracted great interest in study of the polarizability properties of Al + [16] [17] [18] . The coupling between the angular and spin momenta determines the multiple structure of the Al + 3s3p state, where in addition to 3 P 0 , there are the other two energetically higher lying states, 3 P 1 and 3 P 2 . The polarizabilities of the P -state is dependent on the different J components, for example, Fleig has studied the group-13 atoms, which has shown that the J = 1/2 state differs from that of the J = 3/2 as it directly depends on the spatial distribution of the electron density and also the mixing of spin and spatial degrees of freedom [8] .
The relation between the polarizabilities corresponding to different J components can be determined through basic vector algebra [3, 12, 19] . For the heavy elements, the spin splitting becomes very large and therefore the difference contributed by the spatial distribution of the electron density will become more pronounced. Such influence comes from the scalar relativity, the spin-orbit coupling and their combination, causing the possible deviation from the relationship derived by the basic vector algebra. Beside, the dipole polarizability and the hyperpolarizability are probably of different sensibility to the relativity. Therefore, it is important to resolve the polarizabilites for all J components and their magnetic M J components directly, where M J is the projection onto the field axis, in order to understand the impacts of the relativity and the spin-orbit coupling on polarizabilities.
In the investigation of the dipole polarizability and hyperpolarizability, the finite-field (FF) method can provide reliable data if the field-dependent energies are calculated with high precision [20, 21] . Recently, the FF method has been implemented in the relativistic configuration interaction (CI) and the coupled cluster (CC) methods based on the fourcomponent Dirac-Hatree-Fock (DHF) calculation [7, 8, 11, 17] . The fully relativistic calculation allows us resolving electron states by total angular moment J, thus J-dependent properties can be obtained directly.
In [26] .
In the present work, we investigate Al + in order to give the J-resolved dipole polarizability and hyperpolarizability by using FF method. The field-dependent energies are obtained by using the relativistic CI calculation and the relativistic CC calculation. In addition to the dipole polarizability of 3s 2 1 S 0 and 3s3p 3 P 0 and the hyperpolarizability of 3s 2 1 S 0 , which is in excellent consistence with the previously recommended values [16] [17] [18] 27] , we also
give the recommended values of the dipole polarizability of the 3s3p 3 P 1 and 3 P 2 and the hyperpolarizability of 3s3p 3 P J with J = 0, 1, 2. The difference in the dipole polarizability and hyperpolarizability for the different component of 3s3p 3 P state are studied, including the directional dependence by resolving the property in the azimuth projection M J substrates of the J state, i.e., the anisotropy component. The impact of the relativistic effect on the dipole polarizability and the hyperpolarizability are elucidated by analogizing the Jdependence of such properties. The sole effect of the spin-orbit coupling on the polarizability and anisotropy components is determined by comparing the spin-dependent and the spin-free CI calculated data. Finally, the black-body radiation shifts by contributions from the dipole polarizability and hyperpolarizability are evaluated respectively for the transitions of Al + 3s 2 1 S 0 to 3s3p 3 P J with J = 0, 1, 2.
II. COMPUTATIONAL METHOD
The change in energy of an atom or ion upon introduction of a static, homogeneous, axially symmetric field F z is given by
whereᾱ is the dipole polarizability andγ is the hyperpolarizability. We apply the field in the z direction, which allows us to retain a rotational axis, and therefore our symmetry choice is the double group C * 2v in Dirac-Hartree-Fock calculation and C * 2 in the relativistic CI and the relativistic CC calculations. Theᾱ andγ are obtained by fitting ∆E q (F z ) versus The field-dependent energy is calculated on the different level of theories, i.e., the spinfree CI calculation (implemented by LUCITA module in DIRAC package [28] ), the spindependent CI calculation (implemented by KRCI module of DIRAC package), and the spindependent CC calculation (implemented by MRCC suite [29] . The Dyall's Hamiltonian [30] is used in spin-free calculation and the spin-dependent calculations are based on DiracCoulomb Hamiltonian. In contrast to the spin-free calculation, all J-components of the 3 P (3s3p) state are obtained as unique eigensolutions in the spin-dependent calculation. The degeneracy (2L+1 levels) in the spin-free case, wherein L is the orbital angular momentum quantum number, and the (2J+1 levels) degeneracy in the spin-dependent cases are broken to be different M L and M J components upon the external perturbation, where M L and M J are the projections of L and J onto the field axis in the z direction. Therefore, the polarizabilities of
Eqs. (6) and (7) show the relations between the polarizabilites in the J and L representations of an energy level. For the Al + 3s3p 3 P state, L = 1, S=1, Eq. (7) can be rewritten as
The definitions of the scalar and tensor hyperpolarizability are the same as Eqs. (2)- (8) with α replaced by γ. For the 1 S 0 and 3 P 0 states the dipole polarizability and hyperpolarizability have only one component, whereas we remain useᾱ andγ in order to avoid verbose constructions.
The value of the studied properties is convergent with the basis sets of the progressively larger sizes in the CI and CC calculations. We choose the hierarchy of the uncontracted augcc-pCVXZ basis set with X = 2, 3, 4, and 5ζ [32] , where two diffusion functions are added to each shell of the X = 2, 3, and 4 basis sets, and 2s3p1d1g are added to the X = 5ζ basis set.
The details of the basis sets are given in Table I and II. The CI calculations is implemented in the general active space [33] and the details of the CI treatment are illustrated in Table I and II, where 'S10' means the single excitation is allowed from 10 core electrons (1s 2 2s 2 2p 6 ), '(2in4)SD' means the reference states are generated by 2 valence electrons distributing all possible way in 3s3p orbits, allowing the single and double (SD) excitations to the virtual orbits with energy less than a given cutoff (for example, < 100 a.u.).
The triple excitation into part of virtual orbits (less than 1 a.u.) is considered for the small basis sets X = 2ζ and 3ζ within spin-dependent CI calculations in order to extract the correction of the triple excitation to polarizibilities. The higher level of electrons correlation is considered within the spin-free CI calculation, which includes the single (S) excitation in the core shell, the single, double, and triple (SDT) excitations from core and valence shells into all virtual orbits. In the spin-dependent CC calculations, the electron correlation of single and double (SD) excitations into virtual orbits with a cutoff 10000 a.u. are considered within the basis set of X = 2, 3, and 4ζ. The triple excitation is considered for the small basis set X = 2ζ in order to extract the correction of the polarizabilities due to the triple excitation.
In order to present the accurate data ofᾱ andγ, we adopt the same composite scheme as suggested in Ref. [17] , which is evaluated by
where P means the studied properties, ∆P T = P SDT − P SD , P SD and P SDT are the CI or CC calculated values with SD and SDT excitation, respectively. Within the spin-dependent CI calculation the values of P SD and ∆P T are taken from the X = 5ζ and X = 3ζ basis sets, respectively. Within the spin-dependent CC calculation the values of P SD and ∆P T are taken from the X = 4ζ and X = 2ζ basis sets, respectively. The error of P SD is computed by 2 × (P SD | 5ζ − P SD | 4ζ ) in the spin-dependent CI calculation and 2 × (P SD | 4ζ − P SD | 3ζ ) in the spin-dependent CC calculation. The error of ∆P T is roughly estimated with twice itself in both spin-dependent CI and CC calculations. The composite value is determined by Eq. (3) with its error being sum of errors of P SD and ∆P T . The uncertainty of the composite data is assessed by the error divided by the composite data.
III. RESULTS AND DISCUSSION
Consider the dipole polarizability first. a ∆P 5ζ is the correction to the basis set enlarging from X = 4ζ to 5ζ obtained from CISD calculation.
The electron correlation is more completely considered in the spin-dependent CC calculations, and therefore to prove our accuracy, the most direct comparison is between our CC results and the previously recommended data [16] [17] [18] . Our CC calculation is truncated to a Here, we fail to estimate the error of P CCSD because of the anomalous value for 3 P 2 , M J =2 at the basis set of X=3ξ the X = 4ζ basis set due to our limited computer power, which may lead to the decrease of accuracy of the CC calculation. However, we find that our CI and CC results change almost the same quantity with increasing basis set, therefore, it is possible to improve our CC results by adding the basis set correction from X = 4ζ to 5ζ obtained from our CI calculation. Finally, our CC results presentᾱ = 24.065 a.u. for 3s 2 1 S 0 andᾱ = 24.552 a.u. for 3s3p 3 P 0 . As compared with the previously recommended data [16] [17] [18] , our CC data is most close to Safronova's data [18] with the agreement up to the first decimal place.
This means that our CC data have already arrived sufficient accuracy. However, we have to admit that such truncation of the bases set at X = 4ζ enlarged the uncertainty margins of our calculated results as compared with the previously benchmark calculations [16] [17] [18] .
The overall agreement between our calculated results and the previously recommended data [16] [17] [18] between our CI and CC calculations is less than 1.7%, within error margins 1.5% obtained for the ground state 3s 2 1 S 0 and 1.8% obtained for the lowest-lying excited state 3s3p 3 P 0 .
The good agreement in such comparison confirms that our calculations for 3s3p 3 P 1 and 3 P 2 have delivered a good description of the spin-orbit components.
The relativistic effect in the four-components relativistic calculation can be understood as combination of the spin-orbit coupling effect and contraction/decontraction of radial electron density, i.e., the so called scalar relativistic effect. The relativistic effect is discussed through analyzing the J-dependence of the scalar and tensor polarizability in this study. In our calculations, the differencesᾱ
which amounts to only 0.16% ofᾱ
(spin-dependent CI data) and -0.098 a.u. (spin-dependent CC data), which are 0.47% and 0.40% ofᾱ J ( 3 P 0 ), respectively. Such variations ofᾱ J for different J components are minor and therefore negligible. The 3 P 0 component is of spherically symmetric electron density, and therefore the difference ofᾱ J ( 3 P 0 ) with respect to the scalar polarizability obtained from the spin-free CI calculation, i.e.,ᾱ L ( 3 P ) −ᾱ J ( 3 P 0 ), can be regarded as the impact of the spin-orbit coupling only on the polarizability [8] . This difference is only 0.105a.u., indicating a weak spin-orbit coupling effect on the dipole polarizability.
Furthermore, the tensor dipole polarizability represents α
, which is in accordance with Eq. (8). The J-resolvedᾱ and α a both comply with the basic vector algebra, i.e., Eqs. (6) and (7), implemented under the LS approximation, which reflects a weak impact of the relativity effect on the dipole polarizability of Al + 3s3p 3 P state. The J dependence of the dipole polarizability of Al + is similar to Al atom. In Ref.
[8], Fleig has found the difference of dipole polarizability between the J = components of Al atom is small, only 0.002 a.u., and therefore Al atom is justified to be essentially nonrelativistic.
Consider the hyperpolarizability. Table II present with the relations given by Eqs. (7) and (8) . Considering the convergence of the results with the basis set and the electron correlation level, we think that the numerical error is unlikely to cause such big discrepancy.
The setup of Eqs. (6)- (8) is based on the LS coupling. However, the hyperpolarizability, as high-order responds, is more sensible to the spin-orbit coupling. The mixing of spin and spatial degrees of freedom leads to deviations from the purely spatial anisotropies. This may cause deviation in the hyperpolarizabilities of light atoms from Eqs. (6)- (8) and dipole polarizabilities of the heavy atoms. The latter has already been founded for In and Tl atoms [8] . The discrepancy shown in our data for Al + 3s3p excited state, as compared with Eqs. One important application of the scalar polarizabilities is to determinate the BBR shift for a transition due to the finite background thermal radiation. For Al + , the BBR shift of the transition 1 S 0 and 3 P 0 is of especially important meanings for assessing the systematic error of the clock-frequency measurement. The derivation of the theoretical BBR shift has been presented by Porsev and coworkers [5] and Arora and coworkers [6] , which has shown that the dominant term of BBR is determined by the difference in the dipole polarizability as follows,
where E 1 means the first-order channel in electric field, the fine-structure constant α = 1/137.035999074(44), and (
) ≈ 10 −9 at room temperature the temperature, ∆ᾱ means difference inᾱ. The parameter η has been calculated by Mitroy, et al. [16] and Safronova, et al. [18] , which gives η=0.00022∼0.00024 for Al + . In this paper, we do not calculate this value. Consider that η is very small, we therefore neglect this value in the our following estimation of BBR shifts. The above equation can be rewritten as
where the electric field E 
shift can written in an approximated way as
where ∆γ is differential hyperpolarizability between two states. Based on the scalar polarizability data shown in Table I and II, ∆ᾱ and ∆γ between Al + 3s 2 1 S 0 and 3s3p 3 P J with J = 0, 1, 2 and their corresponding BBR shifts can be computed in terms of Eq. (4)-(6), as given in Table III . Such results show that the BBR shifts caused by the hyperpolarizability is of a factor of 10 −17 , which is far less than the case of dipole polarizability, and therefore which will constitutes no impediment to the accuracy of the Al + optical clock at 10 −18 and even higher precisions.
IV. SUMMARY
The accurate dipole polarizability and hyperpolarizablilty have been achieved for Al + 3s 2 1 S 0 and 3s3p 3 P J with J = 0, 1, 2 using relativistic Dirca-Coulomb Hamiltonian within CI and CC theories and a finite-field approach. Our calculations have obtained the accurate dipole polarizabilities, more importantly we present the J-dependence and anisotropy of the dipole polarizability and hyperpolarizability. Because of the large computation demanding in finite-field study of the polarizabilities, we do not pursue the highest accuracy, for example, within the spin-dependent CI calculation the single and double electron correlations are limited to virtual orbit less than 100 a.u. and the single, double, and triple electron correlations are limited to virtual orbits less than 1 a.u. Within the spin-dependent CC calculation we truncated the increasing bases set up to X = 4ζ. Such truncations of the electron correlation and the basis set cause the increased uncertainty, as compared with the previously benchmark calculations [17, 18] .
There are more sources of error, such as the correction of quadruples excitation P Q and the Briet interaction and QEC correction P BQ [17] . In the previously benchmark calculation the changes in dipole polarizability due to P Q and P BQ are found to be less than 0.1% and 1%, respectively. Therefore, the error caused by missing of P Q and P BQ should not exceed a factor 1 ∼ 2% for our calculated results. The changes of the hyperpolarizability due to P Q and P BQ should be a small correction in the similar trend shown in the dipole polarizability.
Though such imperfect in our calculation, our results have shown the excellent agreement with previously recommended data the dipole polarizability of 3s 2 1 S 0 and 3s3p 3 P 0 and the hyperpolarizability of 3s 2 1 S 0 as well as the excellent agreement between the spindependent CI and CC calculations. It is indicated that the spin-orbit coupling has negligible contribution for the dipolarizability of Al + but become a significant for the hyperpolarizability. Therefore, the fully relativistic calculation is strongly demanded for the high-order polarizabilities.
Finally, we evaluated the BBR shift due to dipole polarizability and hyperpolarizability for Al + 3s 2 1 S 0 to 3s3p 3 P J with J = 0, 1, 2. Specially, the BBR shifts caused by the hyperpolarizability is at the magnitude of 10 −17 Hz, which is far lower than the precision level of the current Al + optical clock and therefore can be safely neglected in uncertainty budget.
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